A simple mathematical model is developed for determining the time-varying fraction of senescent cells in culture in terms of the underlying probability distribution of the number of population doublings until senescence. This functional relationship is inverted, which allows for the estimation of the probability distribution of the number of population doublings until senescence given experimental data on the time-varying fraction of senescent cells. The relationship -in particular, the lag -between these two quantities is analyzed under the assumption that the number of population doublings until senescence follows the Weibull distribution. If the number of population doublings until senescence is geometrically distributed (i.e., the Weibull with shape parameter equal to one) then the cell culture appears immortal.
A measurement goal of many in vitro studies is the number of population doublings until replicative senescence [1] . Typically, this random quantity is not quantified directly, but is estimated via the time-varying fraction of cells in culture that are incapable of further proliferation. This paper develops and analyzes a simple mathematical model of the relationship between these two quantities. We construct the probability distribution for the number of population doublings until senescence from the time-varying fraction of senescent cells, and explore the implications of assuming that the number of population doublings until senescence takes on certain common probability distributions (uniform or Weibull).
Materials and Methods
The mathematical model tracks the population dynamics of cells in culture. Intergeneration times are assumed to be constant and identical for all cells, giving rise to a totally synchronized system that evolves in discrete time. Time is indexed by the generation number n, and N replicating cells are initially present in generation n = 0. In generation n = 1, 2,..., all replicating cells from the previous generation divide into two cells, and each daughter cell is (independently of one another) a replicating cell with probability 1-hn and is a senescent cell with probability hn, where ho = 0. Senescent cells are incapable of further proliferation. Let pn be the probability that a cell divides in generations 0,..., n -1, and fails to divide thereafter; we refer to the probability mass function pn., n = 1,...} as the senescence time distribution. The probabilities p, and the hazard rates hn are related via
i=O Let Rn be the number of replicating cells and Sn be the number of senescent cells at time (i.e., generation) n. Then the stochastic process (R, Sn) is a two-type decomposable Galton-Watson branching process [2] . The expected values of these quantities are given by
The primary quantity of interest is the mean.fraction of cells that are senescent in generation n, E[s '-] . We approximate this quantity by the ratio of the means,
El=l 2ihi =j1 -hj) +2n II= (1 -hi) and refer to f, as the fraction of senescent cells. This approximation should be quite accurate because of the large number of cells typically involved. Figure 1 depicts the quantities p, and f, for a hypothetical example. The goal of our analysis is to understand the relationship between the p,'s in (1) and the f,'s in (3).
Results
Equation (3) is a triangular system of equations, and hence can be inverted to solve for the hn's in terms of the f's. This inversion yields
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h, = 2f -fn-1f ) for n = 2, 4, 6,...,
and
Substituting (4)- (6) into (1) gives an explicit but complex expression for the pn's in terms of the fn's.
Because it is difficult to obtain any general insights from equations (4) It follows from equation (3) that
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for large n.
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Note that f, is increasing and convex in n for n < b, and all cells are senescent by time b. To assess the lag between pn and fn, we compute two quantities. The first quantity is f(a+b)/2, which is the: fraction of senescent cells at the mean senescence time. The second quantity is the generation no.5 such that fno.5 = 0.5; i.e., the generation when 50% of the cells are senescent. Using the approximation in (7), we get
where w = a is the half width of the uniform interval, and
As a hypothetical example, suppose that the number of population doublings for human embyonic fibroblasts is uniform between a = 50 and b = 70. Then, as shown in Figure 2 , there is a significant lag in the observed fraction of senescent cells: f6o 0 0.167 and no.5 = 68.
A more appropriate senescence time distribution is the Weibull, which is the most popular parametric family of distributions in survival analysis [3] and failure analysis [4] .
The discrete-time version of this distribution has probability mass function pn = O(n -l) -n and hazard rate h = 1 -an -( n-l) for n = 1,... [5] . This distribution is characterized by the shape parameter a and the scale parameter 0, where a > 0 and 0 < 0 < 1. The special case a = 1 is the geometric distribution, which is the discrete-time counterpart to the exponential distribution, with constant hazard rate 1 -8. More generally, the hazard rate is monotone increasing (decreasing, respectively) in n for a > 1 (a < 1, respectively).
The mean senescence time under the Weibull assumption is 00 E ia. WVeibull's popularity stems from its flexibility in describing a variety of behaviors.
Using equation (3), we find that the fraction of senescent cells is given by From a pragmatic standpoint, our results (see equations (1) and (4)- (6)) can be used to construct a probability mass function for the senescence time from experimental data that dynamically tracks the fraction of senescent cells. However, the nature of the lag between these two key quantities is more effectively elucidated by making probabilistic assumptions about the senescence time distribution and analyzing the resulting fraction of senescent cells. If the senescence time is uniformly distributed then the lag is easily quantified (see equations (8) and (9)) and can be significant; i.e., the percentage of senescent cells at the mean senescence time can be considerably less than 50%. Because the uniform distribution is unlikely to provide a good fit to experimental data, we also considered the discrete time version of the Weibull distribution, which is a very flexible family of distributions that is widely used to measure lifetimes in medical and industrial settings. 
